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Abstract 

We construct a six-dimensional gauge-Higgs unification model with the enlarged gauge group of 
on S"^ /Z2 orbifold compactification. The standard model particle contents and gauge symmetry 
are obtained by utilizing a monopole background field and imposing appropriate parity conditions 
on the orbifold. In particular, a realistic Higgs potential suitable for breaking the electroweak 
gauge symmetry is obtained without introducing extra matter or assuming an additional symmetry 
relation between the SU(2) isometry transformation on the S'^ and the gauge symmetry. The Higgs 
boson is a KK mode associated with the extra-dimensional components of gauge field. Its odd KK- 
parity makes it a stable particle, and thus a potential dark matter candidate in the model. We 
also compute the KK masses of all fields at tree level. 
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I. INTRODUCTION 



Precision electroweak measurements suggest that the mass of the Higgs boson in the 
standard model (SM) should be of C(IOO) GeV. However, this leads to a serious problem, the 
so-called hierarchy problem, because the Higgs boson mass generally suffers from quadratic 
divergence at the quantum level. It is thus unnatural for the Higgs boson to be so light if 
the theory cutoff scale is high, unless some mechanism is introduced for stabilization. Such 
a problem generally calls for some symmetry {e.g., super symmetry) to control the scalar 
sector and leads to physics beyond the SM. 

In the late 70's, an alternative method to stabilize the Higgs boson mass had been pro- 
posed. The basic idea was to embed the Higgs field as the extra-dimensional components of 
gauge field in a higher dimensional space, with an enlarged gauge symmetry broken down 
to the SM gauge group in 4D spacetime [l-3|. This idea of gauge-Higgs unification had 
recently been revived 4|-|l6|. A desirable feature of such models is that the gauge origin 
ensures that the Higgs mass in the bulk is protected from quadratic divergence. Moreover, 
by compactifying the theory on orbifolds, unwanted fields can be projected out from low- 
energy spectrum. The compactification scale would be taken as TeV scale 17, isl. A simple 
implementation of the idea in 5D, however, encounters the difficulty of a small Higgs mass 
due to the absense of a tree-level Higgs potential. One is then led to consider 6D models 
because a quartic Higgs interaction term can arise from the gauge kinetic term 
Higgs mass can also be enhanced through the introduction of a warped spacetime 



20|. The 
[21, 22! or 

by choosing a suitable bulk matter content j23|]. However, the quadratic mass term here is 
still radiatively generated and possibly divergent. A more successful 6D model based on the 
S0(12) gauge group was proposed, where a monopole background exists to break the higher 
dimensional symmetry and results in a negative squared mass 2^. Nevertheless, a set of 
symmetries relating the SU(2) isometry transformation on 5*^ to the gauge transformation 
of the gauge fields has to be imposed in order to carry out dimensional reduction of the 
gauge sector. This approach of dimensional reduction is known as the coset space dimen- 
sional reduction, and leads to a stronger constraint on the four dimensional Lagrangian after 



dimensional reduction 



m 



25|. 



We consider a gauge-Higgs unification model defined on the 6D spacetime where the extra 
spatial dimensions are compactified on a 2-sphere S"^. The gauge symmetry in the model 
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constructed here is assumed to be Eq. With a background field configuration and suitable 
boundary conditions of S"^ on the fields, we obtain the full SM particle contents as the zero 
modes in the model. In particular, no relation between extra-dimensional isometry and 
gauge symmetries is needed. We are able to identify a Higgs boson doublet coming from the 
two extra-spatial components of the gauge fields in the adjoint representation. Unwanted 
modes are either projected out by compactification or given masses due to the interaction 
with the background field. The Higgs potential in the effective 4D theory has the desired 
form to break the electroweak symmetry. The compactification scale is fixed with the input 
of the W boson mass. A mass relation between the Higgs and W bosons is obtained. The 
Weinberg angle is the same as the usual SU(5) grand-unified theory (GUT). Moreover, the 
Higgs particle is a Kaluza-Klein (KK) mode with an odd KK-parity. It is stable under a Z2 
symmetry and thus a potential dark matter candidate. Discussions about the dark matter 



candidate are also given in other gauge-Higgs unification models |26l429|. 

This paper is organized as follows. In Section HIl we describe the 6D model compactified on 
the S"^ /Z2 orbifold. A consistent set of parity assignments of fields in both representations 
is given, followed by reviewing the branching of the group and the reduction of its 
fundamental and adjoint representations. We then work out the details of obtaining the SM 
particle contents as the zero modes of gauge and fermion fields in the model. In Section UTTt 
we identify a KK mode of an appropriate representation of the extra-dimensional components 
of gauge field as the Higgs field in the SM. After obtaining the required commutation relations 
of gauge generators, we compute the tree-level Higgs potential. The result is then used to 
obtain a relation between the Higgs mass and the W boson mass. In Section IIVI we discuss 
the KK mode mass spectra for fermions and gauge bosons in the existence of the background 
gauge field. We find that the Higgs boson in the model is a potential candidate of dark matter 
due to its odd KK-parity. Our findings are summarized in Section |Vl 



II. MODEL 



In this section, we develop the model based on Eg gauge symmetry in six-dimensional 
spacetime with S"^ /Z2 extra space. On the orbifold S"^ /Z21 a set of non-trivial boundary 
conditions is imposed to restrict the gauge symmetry and massless particle contents in four- 
dimensional spacetime. We also introduce in this model a background gauge field, which 
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corresponds to a Dirac monopole configuration, to obtain chiral fermions in four dimensions. 
We tlien sliow liow tlie Eg gauge symmetry is reduced to tlie SM gauge symmetry witli some 
extra U(l)'s, i.e., SU(3) x SU(2) x U(1)y x U(1)x x U{l)z, and liow tlie massless gauge 
bosons and tlie SM Higgs boson in four dimensions are obtained in the model. We note in 
passing that all gauge groups of lower ranks {e.g., SO(IO), SO(ll), SU(6), etc) either cannot 
give a Higgs field in the right representation or do not support SM chiral fermions in four 
dimensions. 



A. Action in six-dimensional spacetime 

We start by considering the Eg gauge symmetry group in six-dimensional spacetime, which 
is assumed to be a direct product of the four- dimensional Minkowski spacetime and the 
compactified two-sphere orbifold S"^ /Z2, i.e., x S'^ jZi- The two-sphere has a radius of 
R. We denote the six- dimensional spacetime coordinates by X*^ = [x^ ,]f = 6,y'^ = 0), 
where x'^ and {0,(j)} are the M'* coordinates and spherical coordinates of S'^, respectively. 
The spacetime index M runs over /i G {0,1,2,3} and a G {0,(t>}. The orbifold S'^/Z2 is 
defined by the identification of {9, 0) and (tt — 6, —0) |ii2,]. The two fixed points are (vr/2, 0) 
and (7r/2,7r). The spacetime metric of is 



guN = \ ^'^ \ , (1) 




where rj^u = diag(l, —1,-1, —1) and gai^ = i?^diag(l, sin^ 9) are the metrics associated with 
and 5*^, respectively. The action in six- dimensional spacetime is then 

1 



5fi = / dx'^dR'n 



MN} 



(2) 



where Dm {M = 0, 1, 2, 3, 6, 0) are covariant derivatives, r^'° are the Dirac gamma matrices 
in six dimensions, and e" are the vielbeins on the two-sphere. Explicitly, 

D^ = d^- iA^, De = de- iAg, D^ = d^- i^ cos 9 - iA^, 

^fi=lfi^h, r4 = 75(g)Cri, r5 = 75(8)(T2, (3) 

el = R, el = Rsm9, 6^ = 6^ = 0, 

where cTj = 1, 2, 3) are the Pauli matrices, 1^ is the dx d identity matrix, and S3 is defined 
as S3 = I4 ® (T3. The gauge field strength is Fmn = QmAn — OnAm — i[AM,A]s[]. Note 



that the covariant derivative has a spin connection term z^cos^ for fermions because 
of the nonzero curvature of the two-sphere. This term generally induces a fermion mass 
in the four- dimensional effective action after integrating out the extra space. This mass 
term, as we will see in Section IIIEt can be avoided by introducing a background gauge field 
= sin 6 that corresponds to a Dirac monopole jsOl 

ro ^C0S^=F1 / ^ TT „ , , . 

where Q is proportional to the generator of a U(l) subgroup of the original gauge group Eg. 



B. Boundary conditions on the two-sphere orbifold 

On the two-sphere orbifold, one can consider two parity operations Pi : {9, (p) — t- {tt — 6, (p) 
and P2 : {6, (j)) — ?■ {tt — 6 , 27t — (p) , which are related to each other by an azimuthal translation 
— )■ + 27r. We impose the following boundary conditions on both gauge and fermion fields 



under the two parity operations: 

A^{x, 71 -e, -0) = PiA^ix, 9, 0)Pi , (5) 

Ae,^{x, 7T-e, -0) = -PiAe,4x, 6, 0)Pi , (6) 

^(x, 71-9, -0) = ±75^1^(0;, 9, 0) , (7) 

A^{x, n - 9,27V -(P) = P2A^{x, 9, 0)P2 , (8) 

Ae,^{x, n - 9,271 -(P) = -P2Ae,^{x, 9, 0)P2 , (9) 

^{X, 7C- 9,271 -<p) = ±^,P2^{X, 9, 0) . (10) 



These boundary conditions are determined by requiring the invariance of the six -dimensional 
action under the transformation {9, 0) — t- (vr — 9, —0). 

The projection matrices Pi^2 act on the gauge group representation space and have eigen- 
values ±1. They assign different parities for different representation components. For 
fermion boundary conditions, the sign in front of 75 can be either + or — since the fermions 
always appear in bilinear forms in the action. The 4-dimensional action is then restricted 
by these parity assignments and our choice of the background gauge field. 
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C. Gauge group reduction 



We consider the following gauge group reduction 

D SO(IO) X U{l)z 

D SUib) X Uil)x X Uil)z 

D SU{3) X SU{2) X U{1)y X U{l)x x U{l)z ■ (11) 

The background gauge field in Eq. (|4]) is chosen to belong to the U(l)^ group. This choice 
is needed in order to obtain chiral SM fermions in four dimensions to be discussed later. 
There are two other symmetry reduction schemes. One can prove that the results in those 
two schemes are effectively the same as the one considered here once we require the correct 
U(l) combinations for the hypercharge and the background field. 

We then impose the parity assignments with respect to the fixed points, Eqs. (l5|)- (fT0|l . 
The parity assignments for the fundamental representation of Eg is chosen to be 

27 = (l,2)(-3,-2,-2)(+'+) + (l,2)(3,2,-2)(-'-) + (l,2)(-3,3,l)(+'-) 
+ (1, 1)(6, -1, !)(+'+) + (1, 1)(0, -5, 1)(-'-) + (1, 1)(0, 0, 4)(-'+) 
+ (3, 2)(1, -1, !)(-'+) + (3, l)(-2, 2, -2)(+'-) + (3, l)(-4, -1, l)(+'+) 
+ (3, 1)(2, 3, 1)(+-+) + (3, 1)(2, -2, 2)(-'+), (12) 

where, for example, (+, — ) means that the parities under Pi and P2 are (even, odd). By the 
requirement of consistency, we find that the components of in the adjoint representation 
have the parities under — )• PiA^Pi {P2A^P2) as follows: 

78\a, = (8,l)(0,0,0)(+-+) + (l,3)(0,0,0)(+'+) 

+ (1, 1)(0, 0, 0)(+'+) + (1, 1)(0, 0, 0)(+'+) + (1, 1)(0, 0, 0)(+'+) 

+ (3, 2)(-5, 0, 0)(-'+) + (3, 2)(5, 0, 0)(-'+) + (3, 2)(1, 4, 0)(+'-) + (3, 2)(-l, -4, 0)(+'-) 
+ (3, 1)(4, -4, 0)(-'-) + (3, l)(-4, 4, 0)(-'-) + (1, l)(-6, -4, 0)(-'-) + (1, 1)(6, 4, 0)(-'-) 
+ (3, 2)(1, -1, -3)(+'+) + (3, 2)(-l, 1, 3)(+'+) + (3, 1)(4, 1, 3)(-'+) + (3, l)(-4, -1, -3)(-'+) 
+ (3, l)(-2, -3, 3)(+'-) + (3, 1)(2, 3, -3)(+'-) + (1, 2)(-3, 3, -3)(-'-) + (1, 2)(3, -3, 3)(-'-) 
+ (1, l)(-6, 1, 3)(-+) + (1, 1)(6, -1, -3)(-'+) + (1, 1)(0, -5, -3)(+'-) + (1, 1)(0, 5, 3)(+'-), 

(13) 
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where the underhned components correspond to the adjoint representations of SU(3) x 
SU(2) X U(l)y X U(l)x X U(l)z, respectively. We note that the components with parity 
(+, +) can have massless zero modes in four dimensions. Such components include the ad- 
joint representations of SU(3) x SU(2) x U(l)'^, (3, 2)(1, — 1, — 3) and its conjugate. The 
latter components seem problematic since they do not appear in the low-energy spectrum. 
In fact, these components acquire masses due to the background field from the term pro- 
portional to F^^F^^ 



Tr 



1 

4' 



--F^,F^^ + 



Tr 



[A^A^A^A 



For the components of with nonzero U{l)z charge, we have 



JVC, + e A 



(14) 



(15) 



where Qi (Q* = Q]) are generators corresponding to distinct components in Eq. f|T3|) that 
have nonzero U{l)z charges, and (A^ = A]^) are the corresponding components of A^. 
We then find the term 



Tr[[A„A^][A'^,A 



sin' 9 



(cos ^ =F 1 



-2|g| 



Tr[[A;Q, + A^Q\ QU^^Q, + A^Q\ Q]] 

COS^T P2 



sin^^ ^''''^^ 



sin' 9 



-A'^A 



(16) 



where q is the Q charge of the relevant component. Use of the facts that A^ belongs to 11(1)^ 
and that Tr^QiQ"^] = 2 has been made in the above equation. A mass is thus associated 
with the lowest modes of those components of A^ with nonzero U{l)z charges: 



dQTr 



--(d.A^ - d^A^id^'A" - d^A") -^—^ 

4^ ^ /'A ; 2R^sin^9 



[A^,AB][Af^,AB] 



lowest 



-- [d^AUx) - d^A^ix)] [d^A'^ix] - d'^A^^ix)] + mlA^^ix)A'^ix) 



(17) 



where the subscript 'lowest' means that only the lowest KK modes are kept. Here the lowest 
KK modes of A^ correspond to the term A^(x)/\/ATr in the KK expansion. In summary, 
any representation of A^ carrying a nonzero U{l)z charge acquires a mass from the 
background field contribution after one integrates over the extra spatial coordinates. More 
explicitly. 



m 



B 



sin^^ 



0.39 



(18) 



for the zero mode. Therefore, the (3, 2)(1, —1, —3) representation and its conjugate are ele- 
vated in mass to disappear from the low-energy spectrum. In the end, the correct symmetry 
reduction is achieved since only the components of 4-dimensional gauge field in the ad- 
joint representation of SU(3) x SU(2) x U(l)y x U(l)x x U(l)^ are allowed to have zero 
modes. A general discussion about the KK mode masses of will be given in Section IIVI 



D. Scalar field contents in four dimensions 



The scalar contents in four dimensions are obtained from the extra-dimensional compo- 
nents of the gauge field {Ag,A^} after integrating out the extra spatial coordinates. The 
kinetic term and potential term of {Ag, A^} are obtained from the gauge sector containing 
these components 

-Tr 



(19) 

where we have taken A^ = A^ sin 6 + A^ sin 6. In the second step indicated by the arrow 
in Eq. (fT9|) . we have omitted terms which do not involve Ag and A^ from the right-hand 
side of the first equality. It is known that one generally cannot obtain massless modes for 
physical scalar components in four dimensions SjJ, |33| . One can see this by noting that the 



eigenfunction of the operator ^^dgsinO with zero eigenvalue is not normalizable jsil- In 
other words, these fields have only KK modes. However, an interesting feature is that it is 
possible to obtain a negative squared mass when taking into account the interactions between 
the background gauge field A^ and {Ag,A^}. This happens when the component carries 
a nonzero U(l)^ charge, as the background gauge field belongs to U(l)^. In this case, the 
{£ = 1, m = 1) modes of these real scalar components are found to have a negative squared 
mass in four dimensions. They can be identified as the Higgs fields once they are shown to 
belong to the correct representation under the SM gauge group. Here the numbers {i, m) 
are the angular momentum quantum number on 5*^/^2, and each KK mode is characterized 
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by these numbers. One can show that the {£ = l,m = 0) mode has a positive squared mass 
and is not considered as the Higgs field. A discussion of the KK masses with general {£, m) 
will be given in Section [IV] . 

With the parity assignments with respect to the fixed points, Eqs. (jH]) and Q, we have 
for the Ag and A^p fields 



78U,_^ = (8,l)(0,0,0)(-'-^ + (l,3)(0,0,0)(-'-^ 

+(1, i)(o, 0, o)(-'-) + (1, i)(o, 0, o)(-'-) + (1, i)(o, 0, o)(--) 

+ (3, 2)(-5, 0, 0)(+'-) + (3, 2)(5, 0, 0)(+'-) + (3, 2)(1, 4, 0)(-+) + (3, 2)(-l, -4, 0)(-'+) 
+ (3, 1)(4, -4, 0)(+'+) + (3, l)(-4, 4, 0)(+'+) + (1, l)(-6, -4, 0)(+'+) + (1, 1)(6, 4, 0)(+'+) 
+ (3, 2)(1, -1, -3)(-'-) + (3, 2)(-l, 1, 3)(--) + (3, 1)(4, 1, 3)(+--) + (3, l)(-4, -1, -3)(+'-) 
+ (3, l)(-2, -3, 3)(-'+) + (3, 1)(2, 3, -3)(-'+) + (1, 2)(-3, 3, -3)(+'+) + (1, 2)(3, -3, 3)(+'+) 
+ (1, l)(-6, 1, 3)(+'-) + (1, 1)(6, -1, -3)(+'-) + (1, 1)(0, -5, -3)(-'+) + (1, 1)(0, 5, 3)(-'+) . 

(20) 



Components with (+, — ) or (— , +) parity do not have KK modes since they are odd under 
— )■ + 27r and the KK modes of gauge field are specified by integer angular momentum 
quantum numbers i and m on the two-sphere. We then concentrate on the components which 
have either (+, +) or (— , — ) parity and nonzero U{l)z charges as the candidate for the Higgs 
field. These include {(1, 2)(3, -3, 3) + h.c.} and {(3, 2)(1, -1, -3) +h.c.} with parities (+, +) 
and (—,—), respectively. The representations (1, 2)(— 3, 3, — 3) and (1, 2)(3, — 3, 3) have the 
correct quantum numbers for the SM Higgs doublet. Therefore, we identify the (1, 1) mode 
of these components as the SM Higgs fields in four dimensions. 

E. Chiral fermions in four dimensions 

We introduce fermions as the Weyl spinor fields of the six- dimensional Lorentz group 
S0(l,5). They can be written in terms of the S0(l,3) Weyl spinors as 




(21) 



(22) 
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In general, fermions on the two-sphere do not have massless KK modes because of the 
positive curvature of the two-sphere. The massless modes can be obtained by incorporating 
the background gauge field (jl]) though, for it can cancel the contribution from the positive 
curvature. In this case, the condition for obtaining a massless fermion mode is 

= ±lv^ , (23) 

where Q comes from the background gauge field and is proportional to the 11(1)^ generator 



30 



32 



33| . We observe that the upper [lower] component on the RHS of Eq. (^T^ [ (122]) ] has 
a massless mode for the -|- (— ) sign on the RHS of Eq. (123|) . 

In our model, we choose the fermions as the Weyl fermions \E'_ belonging to the 27 
representation of Eg. The 27 representation is decomposed as in Eq. ( [T2|) under the group 
reduction, Eq. flTTl) . In this decomposition, we find that our choice of the background gauge 
field of U{l)z is suitable for obtaining massless fermions since all such components have 
U(l)z charge 1. In the fundemantal representation, the U(l)z generator is 



Qz = Jdiag(-2, -2, -2, -2, 1, 1, 1, 1, 4, 1, 1, 1, 1, 1, 1, -2, -2, -2, 1, 1, 1, 1, 1, 1, -2, -2, -2) 



(24) 



according to the decomposition Eq. (fT2|) . By identifying Q = 3Qz, we readily obtain the 
condition 

Q^- = l^- (25) 

Therefore, the chiral fermions ipL in four dimensions have zero modes. 

Next, we consider the parity assignments for the fermions with respect to the fixed points 
of 5*^/^2. The boundary conditions are given by Eqs. ([7]) and (fTOj) . It turns out that four 
27 fermion copies with different boundary conditions are needed in order to obtain an entire 
generation of massless SM fermions. They are denoted by vl>(i'2,3,4) ^j^]-^ ^j^g following parity 
assignments 

¥i\x,n-9,-4>) = ^roPi'^'i\x,9A) , (26) 
¥i\x,n- 6,271 -<P) = r]-f,P2^'i\x,e,<P) , (27) 

where 75 is the chirality operator, and {C,,r]) = (+,+), (—,—), (+, — ) and (— , +) for i = 
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1, 2, 3, 4, respectively. From these fermions we find that 'i/'i,2,3,4 have the parity assignments 



27,(1) 



27 ,{2) 



27 ,{3) 



27 ,{4) 



(1, 2)(-3, -2, -2)(-'-) + (1, 2)(3, 2, -2)(+'+) + (1, 2)(-3, 3, !)(-'+) 

(1,1)(0,0,4)(+'-) 
+ (3, l)(-4, -!,!)(-'-) 



+ 



+ 1 

(1 

+ 1 

+ 

(1 

+ 1 
+ 1 
+ 1 

(1 

+ 

+ 1 
+ 1 



1,1 
3,2 

3,1 
2)( 
1,1 



3,2 
3,1 



2)( 

1,1 
3,2 



3,1 
2)( 
1,1 
3,2 
3,1 



6,-l,l)(-'-) + (l,l) 



l,-l,l)(+'-) + (3,l) 
2,3,l)(-'-) + (3,l)(2 



3,-2,-2)(+'+) + (l,2)(3,2,-2) 



0,-5,l)(- 
-2,2,-2) 

-2,2)(-'+ 

3,-2,-2)(-'+) + (l,2)(3,2,-2) 



6,-1, + (1,1), 

1,-1,1)^-'+^ + (3,1)' 
2,3,l)(+'+) + (3,l)(2 



6,-l,l)(-'+) + (l,l) 
l,_l,l)(+.+) + (3,l), 

2,3,l)(-'+' + (3,l)(2 



3,-2,-2)(+'-) + (l,2)(3,2,-2) 



6,-l,l)(+'-) 
1,-1, 1)^--) 



(1,1) 
(3,1) 



0,-5,l)(+' 



+) 



-2,2,-2) 
-2,2)(+'- 



0,-5,l)(+ 
-2,2,-2) 
-2,2)(+'+ 



0,-5,l)(- 
-2,2,-2) 



2,3,l)(+'-) + (3,l)(2,-2,2)(- 



-,+) 



+,-) 



-,+) 



+) 



+ (1,2)(-3,3,1)(+'-) 
(l,l)(0,0,4)(-'+) 
+ (3,l)(-4,-l,l)(+-+) 

+ (1,2)(-3,3,1)(-'-) 
(l,l)(0,0,4)(+'+) 
+ (3,l)(-4,-l,l)(--+) 

+ (1,2)(-3,3,1)(+-+) 
(1,1)(0,0,4)("'-) 
+ (3,l)(-4,-l,l)(+--) 



(28) 



(29) 



(30) 



(31) 



where the underhned components have even parities and U(l)^ charge 1. One can readily 
identify one generation of SM fermions, including a right-handed neutrino, as the zero modes 
of these components. 

A long-standing problem in the gauge-Higgs unification framework is the Yukawa cou- 
plings of the Higgs boson to the matter fields. This is because the couplings here all arise 
from gauge interactions. It is therefore extremely difficult to derive the observed rich fermion 
mass spectrum purely from the gauge coupling. In order to have flavor-dependent Yukawa 
couplings, one promising solution is to consider SM matter fields localized at orbifold fixed 
points and make use of nonlocal interactions with Wilson lines 6|. 
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III. HIGGS POTENTIAL 



A. Higgs sector 



The Lagrangian for the Higgs sector is derived from the gauge sector that contains extra- 
dimensional components of the gauge field {A0,A(f,}, as given in Eq. f|T9|) . by considering 
the lowest KK modes of them. The kinetic term and potential term are, respectively, 

1 



Lk 
V 



2g 



2 , dn{Tr[{d^Ae-t[A^,Ae]y]+Tr[{d^Ae-z[A^,A^]f 



lowest 



dQ Tr 



1 



sin 6 



dei^in 9 Am + sin eA^ 



sin^ 



d^Ae~i[Ae,A^ + A^ 



-Bl 



(32) 



lowest 

(33) 



Consider the (1, 1) mode of the {(1, 2)(3, —3, 3) + h.c.} representation in Eq. (!20!) as argued 
in the previous section. The gauge fields are given by the following KK expansions 



A, 



V2 



- $i(x) 



1 



sin 9 



')J + - 
+ ■ ■ 



(34) 
(35) 



where • • • represents higher KK mode terms 



32i- The function Y{[ = -l/V2[Yu + Yi_i] 



is odd under (6^,0) — t- {n/2 — 9, —0) . We will discuss their higher KK modes and masses 
in the existence of the background gauge field in Section UVl With Eqs. ( I34l) and ( |35l) . the 
kinetic term becomes 



Lk(x) 



1 

2? 



rr[D^$i(x)D^$i(x)] + rr[D^$2(x)D'^<l>2(x)] 



(36) 



where Z)^$i^2 = d^^i^2 —i[A^, $1,2] is the covariant derivative acting on $i_2- The potential 
term, on the other hand, is 



V 



2gm^ 



dQTr 



-V2Y{[^2ix) + Q + -[$i(x), ^2ix)]{deY,-,deY,-, 



1 



sin^^ 



+-^[$i(x),i39,ni + ^l^2{x),A^]^d,Y,-, 



d^Y,-,d^Y,-,} 
(37) 
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where dg{sm9A?) = Qcos9 from Eq. @ is used. Expanding the square in the trace, we get 



V 



2gm^ 



dQTr 



4 \ sm 9 J 



2z$2(x)[$i(x), - [<^^{x),A^][^2{x),A^]dgY{{—-d^Y, 



sin 9 
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1 



+^g[$l(a;),$2(x)] deY,-,deY,-, -r 



-dsY^^dsY;^ 



(38) 



where terms that vanish after the dfl integration are directly omitted. In the end, the 
potential is simplified to 



V 



1 



Tr 



iUvr z 



-/ii[Q,$i(x)]' + ^2[Q,$2(a:)]' 



(39) 



where use of = —Q{cos9 =F 1)/ sin^^ has been made and /xi = 1 — |ln2 and /i2 = 
|(l-21n2). 

We now take the following linear combination of $i and $2 to form a complex Higgs 
doublet, 



1 



$(x) = -^{^i{x) + i^2{x)) , 

^{xY = ^($i(x) - 2$2(x)) . 

v2 



It is straightforward to see that 



[$i(x),<l>2(x)] = i[<l>(x),<l>1'(x)] . 



(40) 
(41) 

(42) 



The kinetic term and the Higgs potential now become 



Lk = -^Tr[D,<l>^{x)D^^x)] , 



V 



-Tr 



(43) 



2$^(x) + 47rg2 + $t(^)]2 _ ^g[$(3;), $t(3,)] 



2^2/^2 

+/ii[g,<l>i(x)]2 + /i2[Q,$2(a;)]^ 



(44) 



To further simplify the above expressions, we need to find out the algebra of the gauge 
^roup generators. Note that the Eg generators are chosen according to the decomposition 
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of the adjoint representation given in Eq. (fT3l) 



{Qi, Qa, Qy, Qx, Qz, 

/O /naa;(5,0,0) /O ,^ax( -1,-4,0) 

Vax(-5,0,0)5 V ; Vax(l,4,0)) V ; 

Qa(4,-4,0) ) '''^'^^ I Q (-6,-4,0) , Q (6,4,0) , 

/O /oax(— 1,1,3) /O /oa(— 4, — 1,— 3) 

Waa;{l,-l,-3), W ,^0(4,1,3),^ , 

Qa{-2,-3,3), Q"^^'^ <5a;(3,-3,3), Q^^'^'^ "3)^ 

<5(-6, 1, 3)5 <5 (6,-1, -3)5 <5{0,-5, -3)5 Q(0,5,3)} 5 (45) 

where the generators are hsted in the corresponding order of the terms in Eq. ( !T3|l and the 
indices 

i = I, ...,8 : SU(3) adjoint representation index =^ Qi : SU(3) generators , (46) 
a = 1, 2, 3 : SU(2) adjoint representation index =^ Qa : SU(2) generators , (47) 

<5x,y,z : f/(l)x,Y,z generators , (48) 

X = 1, 2 : SU(2) doublet index , (49) 

a = 1, 2, 3 : SU(3) color index . (50) 

Here we take the standard normalization for generators, TrlQQ''] = 2. The Higgs fields are 
in the representations of (1, 2)(3, —3, 3) and (1, 2)(— 3, 3, —3). We write 

Hx) = 0^Q.(3,-3,3) i^Kx) = <I>^Q'^~'^''-'^) . (51) 

Likewise, the gauge field A^{x) in terms of the Q's in Eq. f H6|) is 

A^{x) = A'^Q, + A^Qa + B^Qy + C^Qx + E^Qz. (52) 

The commutation relations between the generators Qa, Qx,y,z, Qx(3,-3,3) and Q^(-3,3,-3) 
summarized in Table. HI 



Finally, we obtain the Lagrangian associated with the Higgs field by applying Eqs. (ISTl 
1521) to Eqs. ( I43l H4l) and carrying out the trace. Furthermore, to obtain the canonical form 
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[Qa,Q.(3,-3,3)] = ;^(^a)^Q,(3,-3,3) = 

[Qi;(3 -3,3))Q2/(3,-3,3)] =0 [Qz, Qa;(3,-3,3)] = kQx{3,-3,3) 

[Qx,Q3;(3-3,3)] = -^\/|Qa:(3,-3,3) [Q^, Q3:(3,-3,3)] = ;^Qa:(3,-3,3) 



TABLE I: Commutation relations of Qq., Qx,y,z^ Qx(3,-3,3) Q^'^ ^\ where (Tj are the Pauh 
matrices. 

of kinetic terms, the Higgs field, the gauge field, and the gauge coupling need to be rescaled 
in the following way: 



9 



9 



92 , 



where g2 denotes the SU(2) gauge coupling. The Higgs sector is then given by 



(53) 
(54) 
(55) 



(56) 



where 



V = 







X 



3g' 



(57) 
(58) 



where X = ^ + 9/ii + 9//2- We have omitted the constant term in the Higgs potential. 
Comparing the potential derived above with the standard form //^^V + '^(^V)^ in the SM, 
we see that the model has a tree-level //^ term that is negative and proportional to R~'^. 
Moreover, the quartic coupling A = 3g'^ /{AOnR'^) is related to the six-dimensional gauge 
coupling g and grants pcrturbative calculations because it is about 0.16, using the value 
of R to be extracted in the next section. Therefore, the order parameter in this model is 
controlled by a single parameter R, the compactification scale. 

In fact, the (1, 1) mode of the {(3, 2)(1, —1, — 3) -|-h.c.} representation also has a negative 
squared mass term because it has the same Qz charge as the {(1,2)(3, —3,3) -|- h.c.} rep- 
resentation. Therefore, it would induce not only electroweak symmetry breaking but also 
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color symmetry breaking. This undesirable feature can be cured by adding brane terms 

'S{e~l) m + 6{<P - vr)] , (59) 

where a denotes the group index of the {(3, 2)(1, —1, — 3) + h.c.} representation. These brane 
terms preserve the symmetry which corresponds to the symmetry under the transforma- 
tion (0 — > + vr). With an appropriate choice of the dimensionless constant a, the squared 
mass of the (1, 1) can be lifted to become positive and sufficiently large. 



B. Spontaneous symmetry breaking and Higgs mass 

Due to a negative mass term, the Higgs potential in Eq. (158!) can induce the spontaneous 
symmetry breakdown: SU(2) x U(l)y — )■ U(1)em in the SM. The Higgs field acquires a 
vaccum expectation value (VEV) 



One immedialtey finds that the W boson mass 

92 1/5^1 0.53 

from which the compactification scale R^^ ~ 152 GeV is inferred. Moreover, the Higgs 
boson mass at the tree level is 



which is about 152 GeV, numerically very close to the compactification scale. Since the 
hypercharge of the Higgs field is 1/2, the U(l)y gauge coupling is derived from Eq. fl57|) as 

9y = , ^ . (63) 

The Weinberg angle is thus given by 

sin^^H^ = -^ = ^, (64) 

and the Z boson mass 

mz = — = mw\ - , (65) 

coso'vK V 5 

both at the tree level. These relations are the same as the SU(5) GUT at the unification 
scale. This is not surprising because this part only depends on the group structure. 
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IV. KK MODE SPECTRUM OF EACH FIELD 



In this section, we compute the KK mass spectra of both fermion and gauge fields in the 
existence of the background gauge field. The masses are basically conrtroUed by the com- 
pactification radius R of the two-sphere. They receive two kinds of contributions: one arising 
from the angular momentum in the S'^ space, and the other coming from the interactions 
with the background field. 



KK masses of fermions 



The KK masses for fermions have been given in Refs. 
of our notation here: 



30 



32 



33| . We give them in terms 



+ 1) 



4g2 _ 1 



(66) 



where q is proportional to the U{l)z charge of fermion and determined by the action of 
Q = ^Qz on fermions as Q'^ = = 3g^^. Note that the mass does not depend on the 
quantum number m. The lightest KK mass, corresponding to £ = 1 and = 1/6, is about 
214 GeV at the tree level. The range of £ is 

2g± 1 



< 



(+ : for ipRi^L) in ^+(-), - : for ip^R) in ^_(+)' 



(67) 



We thus can have zero mode for Q"^ = ±1\&, where this condition is given in Eq. 



B. KK masses of A, 



For the four- dimensional gauge field A^, its kinetic term and KK mass term are obtained 
from the terms 



1 



L = J dVtTr 
Taking terms quadratic in A^, we get 



1 



(68) 



^quad 



dVLTr 



^ :d^A..d^A^ - if] 



2J^2 L A" <l>- 



(69) 
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where is the background gauge field given in Eq. (jlj). The KK expansion of is 

^. = E4'"(^)^.^(^''^) (70) 
em 

where Y^{9,(f)) are the hnear combinations of spherical harmonics satisfying the boundary 
condition Y^^ir — 6, —(f)) = ±Y^{9, 0). Their explicit forms are 32| 

Y+,{e, <P) ^ ^^!±^[YUO, </>) + {-lYYe-rn{0, for m ^ (71) 

Yfje, 0) ^ [YeUO, <P) - {-lYY,-m{0, <P)] for rny^O (72) 

Yeo{e) for m = and £ = even (odd) 
10 for m = and £ = odd (even) . 

Note that we do not have KK mode functions that are odd under — )■ + 27r since the KK 
modes are specified by the integer angular momentum quantum numbers i and m of gauge 
field Am on the two-sphere. Thus, the components of and Ag^^ with (+, — ) or (— ,+) 
parities do not have corresponding KK modes. Applying the KK expansion and integrating 
about dQ, we obtain the kinetic and KK mass terms for the KK modes of A^ 

Lm = [df.A'iJ^ix) - d.Al^'ix)] [d^^ A^"^" (x) - 9'^A^™^(a;)] + ^^^^^Aj"(x)A^"^'^(x) 



2 



i?2 



Ccos^il 



\2 



T\2 



- imJ 



Aj"(x)A'^™^(x) , (74) 



where we have used Tr[QiQ^] = 2 and [Afj_{x),Qz] = qz{A^ai.^)Qi — v4j^(x)(5*). Therefore, 



the KK masses of A^ are 



ML^{A,) = i^£(£ + l) + (mfJ2 , (75) 
{mLf = 9g| / dn^^^^^^{Y,lf , (76) 



sin' 9 

where mf^ corresponds to the contribution from the background gauge field. Note that 
Eq. fl75|) agrees with Eq. f|T8|) when i = 0. Also, since the SM gauge bosons have qz = 0, 
their KK masses are simply ^/£{£ + 1)/R at the tree level. 
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C. KK masses of ^ 



The kinetic and KK mass terms of Ag and are obtained from the terms in the higher 
dimensional gauge sector 



29' 



L = — dn{ [Tr[{d^Ae-i[A^,Ae\Y]+Tr[{d^Ae-i[A^, 



Tr 



-i-9,(sin^^ + sin^if)--i-,^ ' ~' ' 



-d^Ae-i[Ae,A^ + A\ 



(77) 



The first hne on the right-hand side of Eq. (1771) corresponds to the kinetic terms, and the 
second hne corresponds to the potential term. Applying the background gauge field Eq. (jlj) , 
the potential becomes 

2n 



1 



dQTr 



1 



-MsmeA^) + Q 



-d^Ae-i[Ae,A^ + A 



^ sin 9 sin 9 

For Ae and A^ we use the following KK expansions to obtain the KK mass terms 



(7J 



Ae{x,9,, 



AAx,9,. 



[<l>T'{x)deY,t{9A) + <^rM 



sin 9 



[^nx)deY,ti9,<l^) - ^rix)—-d^Y,ti9,<l>)] 

olll (7 



(79) 
(80) 



where the factor of 1/ + 1) is needed for normalization. These particular forms are 
convenient in giving diagonalized KK mass terms 
and Eq. (IHOj) . we obtain the kinetic term 



32l | . Applying the KK expansions Eq. ([79 



9^$^™(x)a'^$l™(x) + d^^^^{x)d^^'-:r{x) 



where only terms quadratic in 9^$ are retained. The potential term 



(81) 



29 



1 r r / <j)^™ 1 cb^™ 



1 



^£(£ + 1) sin^ 9 



+ 



± 



+vWTi)A 



B 



(82) 
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where only terms diagonal in {i,m) are consider. Using the relation ^^dg{sm 9deYim) + 
'^^^4Xirn = + l)y£m, the potential term is simphfied as 

1 



^m(^O) 



dVtTr 



+ 



± 



To obtain the mass term, we focus on terms quadratic in $1,2: 

1 



l^em /jB] ^^-^ em 



(83) 



dVLTr 



f,m) 



+ 



2iQ 



+ 



+2tAWr,¥-]Y,tdeYi^- 



± \2 



+ 1 



m-,A^Y{deYtJ 



sin'' 9 



(84) 



Note that we have dropped the term proportional to y4^][$2, A^] because this term 
vanishes after turning the field into the linear combinations of $ and Eqs. ( HOl) and (HOll : 



Tr[[$i,iJ][$i,i3] -> Tr[[($ + <|.t),g][($-$t),g]] 

oc Tr[($-$"f)($ + $t)] 
oc Tr[$<l>"^] -Tr[<l>"^$] = 

Integrating the second term of Eq. ( !84l) by part, we obtain 

1 



(85) 



-2iTr[Q[¥;^,¥^]] j dn 



Sine ""^"-"^'^'"^ 

sm u 

:coseTl){d^Y,t? 
sin^ 9 sin^ 9 



^[$^,Q]2| dQ 



(86) 



Therefore, the KK masses depend on the U{l)z charges of the scalar fields. 
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For components with zero U(l)z charge, we write $1(2) (a;) as (pi{2)ix)Q where Q is the 
corresponding generator of Eg in Eq. f|T3|) with zero 11(1)^ charge. Taking the trace, we have 
the following kinetic and KK mass terms instead: 

L= J2 (d^<l)i^{x)d^'(f)i'^{x) + d^(j)^^{x)d^'(t>^^{x) + £{£ + J (87) 

where we have made the substitution 0j — )■ g(f)i. Note that (pi is considered as a massless 
Nambu-Goldstone (NG) boson in this case. 

For components with nonzero V{l)z charge, we use Eq. (140|) and fHTj) and write $(x) 
as (f)^{x)Qi where Qi is the corresponding generator of Eq in Eq. f|T3|) with nonzero U(l)2 
charge. The commutator between Q and $ is 

[Q,$] =3[Q^,g#* = 3gz0* , (88) 

where we have used Q = 3Qz and that qz is a constant determined by the 11(1)^ charge of 
the corresponding component. Finally, the Lagrangian becomes 



(89) 



where the subscript i is omitted for simplicity. The KK masses of the complex scalar field 
6 are then 



B^2_ 0^,0^ /- COsg^l ±^ ± 9g| /'^o (^Q^^Tl)' .^ ±.2 



^2£{£+l)J'''' sin' 9 sin' 9 ' ^ ^ 



The squared KK mass [M^Y is always positive except for the lowest mode {£ = l,m = 1). 
In fact, the squared KK mass of the (1, 1) mode agrees with the coefficient of quadratic term 
in the Higgs potential ( l58l) . 
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D. Dark matter candidate 



In our model, each KK particle is associated with a KK parity derived from an additional 
Z'2 discrete symmetry of (^,^ — )■ (^,0 + vr), corresponding to the exchange of the two 
fixed points on the orbifold 32|. The KK-parity is given by (—1)™, and is conserved as a 
consequence of the Z'2 symmetry of the Lagrangian in six- dimensional spacetime. Therefore, 
the lightest KK particle with an odd m will be stable. 

A comparison among Eqs. (l66l) . (175|) and (pO!) indicates that the lightest KK particles 
are the (£ = l,m = 1) modes of the scalar components with non-zero U(l)^ charges since 
their masses receive a negative contribution from the background gauge field. They include 
the components {(3, 2)(1, -1, -3)(-'-) + h.c.} and {(1, 2)(-3, 3, -3)(+'+) + h.c.} in Eq. ^ 
since the other components either have zero 11(1)^ charge or are odd under — )■ + 27r. At 
the tree level, both of them have the same and negative KK squared mass since their 11(1)^ 
charges are same (g^ = 1/2). As argued at the end of Section [III At the squared mass of 
the former representation can be lifted by brane terms to be sufficiently large to avoid color 
symmetry breaking. Its mass depends on the parameter a in the brane terms. The latter 
representation actually gives the Higgs field that has a mass about 152 GeV. We assume 
that the mass of the (1, 1) mode of the {(3, 2)(1, —1, — 3)''^'^'' + h.c.} components is heavier 
than the Higgs boson mass since a colored particle is not suitable for dark matter candidate. 
Therefore, the model has the (1, 1) mode of the {(1, 2) (—3, 3, —3)'^"'''"''^ + h.c.} representation 
as the lightest and stable KK particle, which is simply the Higgs boson. 



V. SUMMARY 



The gauge- Higgs unification is an attractive idea because it can unify the SM gauge bosons 
and Higgs boson under a higher dimensional spacetime symmetry. The gauge invariance 
prevents the Higgs boson in the bulk from receiving radiative corrections that diverge with 
the cutoff scale, thus easing the gauge hierarchy problem. However, one still encounters the 
difficulty in getting an appropriate Higgs potential to break the electroweak symmetry in 
five dimensional spacetime. Extra particles are generally needed in order to generate such 
a potential and a sufficiently large Higgs mass radiatively. When one goes to six spacetime 
dimensions and considers the S"^ /Z2 orbifold, it is possible to render a suitable Higgs potential 
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by incorporating a background gauge field in the extra-dimensional components. To fully 
achieve that, nevertheless, one has to assume a special symmetry that relates the SU(2) 
isometry transformation in to the gauge transformation. 

We consider in this paper a six-dimensional gauge-Higgs unification model, in which the 
gauge group is enlarged to Eg and the extra space is the S^/Z2 orbifold. By specifying 
two sets of parity transformation properties for the fields and employing a Dirac monopole 
configuration for the background gauge field, we have a successful symmetry reduction to the 
SM gauge group plus two extra U(l)'s. In our model, the background gauge field plays 
important roles in several aspects. First, it renders massless chiral fermions by canceling 
the spin-connection term in the covariant derivative. Secondly, it elevates the masses of 
unwanted representations of A^^ to roughly the compactification scale in four dimensional 
spacetime. Finally, from the gauge kinetic term, it gives rise to a negative mass square term 
for the Higgs potential at tree level. 

At the low energy, we obtain only the SM particles. The SM gauge bosons all originate 
from a single adjoint representation of the Eg group. The chiral fermions, including a right- 
handed neutrino, are derived from four copies of fundamental representation, each of which 
have a distinct parities under the two parity transformations. Wc also obtain exactly one 
complex Higgs doublet from the extra dimensional components of the gauge field. 

We have computed the Higgs potential in this model. The squared mass is related to the 
compactification radius, and the quartic coupling to the Eq gauge coupling. The radius of 
the compactified two-sphere is extracted to be around (152 GeV)"^. The Higgs boson mass 
is predicted to be about 150 GeV at tree level. Due to the gauge group structure, we obtain 
sin^ 9\Y = 3/8, the same as in the SU(5) GUT at the unification scale. 

Through KK expansions, we have calculated the mass spectra of the gauge and fermion 
fields. In general, these masses involve two contributions: one related to the angular mo- 
mentum eigenvalues in the extra dimensions i{i + 1), and the other due to the interactions 
between the KK modes and the background gauge field. Finally, the model can have a dark 
matter candidate due to the KK parity under the symmetry. It is the Higgs boson of the 
model. 
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